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KPZ Formulas for Weyl-Invariant Induced Gravity and Topologically
Massive Gravity ∗
Giovanni Amelino-Cameliaa
aTheoretical Physics, University of Oxford
1 Keble Road, Oxford OX1 3NP, U.K.
I discuss the applicability in Weyl-invariant induced gravity and topologically massive gravity of certain formulas
originally derived by Knizhnik, Polyakov, and Zamolodchikov in the context of diffeomorphism-invariant induced
gravity.
Over the last ten years there has been a
strong interest in the investigation of low-
dimensional quantum gravity toy models. A
very popular such model is the two-dimensional
(2D) “induced” gravity characterized by a
diffeomorphism-invariant measure [1] for the
functional (path) integration over the metric ten-
sor field and the action
S(g)=
d
96π
∫
d2ξ1 d
2ξ2
√
g(ξ1)R(g(ξ1))
· ✷−1(ξ1, ξ2)
√
g(ξ2)R(g(ξ2)) , (1)
where g is the metric tensor,
√
g is the square
root of the determinant of g, ✷−1 is the inverse of
the Laplace-Beltrami operator, and, for simplic-
ity, I set the cosmological constant to zero. This
can be seen as the quantum gravity induced by
integrating out, with a diffeomorphism-invariant
path-integral measure [1], the “matter” degrees
of freedom of the field theory with action
I(X, g) = 1
2
∫
d2ξ
√
g gµν ∂µX
A ∂νX
A , (2)
where the XA, with A= 1, 2, ..., d, denote the d
components of the massless “matter” scalar field.
Note that the action (2) is invariant under both
diffeomorphisms and Weyl transformations, while
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(1) is only diffeomorphism-invariant. This reflects
the presence of an anomaly, i.e. the fact that
there are no path-integral measures with invari-
ance under both diffeomorphisms andWeyl trans-
formations [1,2].
A well-appreciated result, first derived by
Knizhnik, Polyakov, and Zamolodchikov [1], con-
cerns the Green’s functions of diffeomorphism-
invariant induced gravity. It is encoded in the
following anomalous Ward identities of the light-
cone-gauge formulation of the theory (in which
the entire physical content of the metric tensor
resides in its g++ component):
n∑
i
〈g++(ξ1). . .δδfg++(ξi). . .g++(ξn)〉
=
28−d−λ
i48π
∫
dξ2 δf(ξ)
· 〈∂3
−
g++(ξ)g++(ξ1). . .g++(ξn)
〉
, (3)
where δδf is such that
δδfχ = (2∂+ − χ∂−) δf + δf ∂−χ (4)
and λ is a constant characterizing the measure [1,
2] that can be expressed in terms of the number of
components of the massless “matter” scalar field
using the relation [1]
λ =
43− d−
√
(d− 1)(d− 25)
2
. (5)
Another important observation due to Knizh-
nik, Polyakov, and Zamolodchikov [1] is fre-
quently exploited in the conformal-gauge formu-
lation of the theory, which is Liouville theory. It
2establishes the scaling relations [1] for primary
fields of Liouville theory
∆ˆ− ∆ˆ0 = ∆ˆ(1 − ∆ˆ)
c+ 2
(6)
where c is the central charge of the SL(2, R) cur-
rent algebra, ∆ˆ0 is the bare conformal dimension
of the primary field, and ∆ˆ is its Liouville-dressed
conformal dimension.
Although these results were originally derived
in diffeomorphism-invariant induced gravity, it
has been recently realized that they have wider
applicability. Let us start by considering Weyl-
invariant induced gravity [3,4,2,5], which is the
2D quantum gravity induced by integrating out,
with a Weyl-invariant path-integral measure [4,2],
the “matter” degrees of freedom of the field the-
ory with action (2). The action governing the
dynamics of the metric tensor field is
S(γ)= d
96π
∫
d2ξ1 d
2ξ2 R(γ(ξ1))
· ✷−1(ξ1, ξ2)R(γ(ξ2)) , (7)
where I used the short-hand notation γ≡√g g. A
Weyl-invariant measure for the functional (path)
integration over the metric tensor field g, depend-
ing on g only through γ, has also been iden-
tified [3,4,2]. The fact that both the measure
and (7) depend on g only through γ encodes the
fact that the theory is Weyl invariant and invari-
ant under diffeomorphisms of unit Jacobian (also
called “S-diffeomorphisms” or “area-preserving
diffeomorphisms” [3,4,2]), while the theory is not
fully diffeomorphism-invariant. Concerning the
Green’s functions of this Weyl-invariant induced
gravity it has been recently realized [2] that in an
appropriate (light-cone-like) gauge the following
relations hold
n∑
i
〈γ++(ξ1). . .δδfγ++(ξi). . .γ++(ξn)〉
=
28−d−λW
i48π
∫
dξ2δf(ξ)
· 〈∂3
−
γ++(ξ)γ++(ξ1). . .γ++(ξn)
〉
, (8)
where λW is a constant characterizing the Weyl-
invariant measure2 and I denoted with γ++ the
component of γ that is relevant in the given gauge
[2]. The correspondence between (3) and (8) de-
scribes the applicability of the KPZ formula (3)
in the context of Weyl-invariant induced gravity.
Actually, it has been realized in Ref. [6] that
a similar argument applies also to other 2D
induced-gravity theories. In particular, a one-
parameter family of such theories, all invariant
under diffeomorphisms of unit Jacobian but not
fully diffeomorphism-invariant, has been identi-
fied, and evidence has been found [6] in support of
the applicability of the KPZ formula (3) in those
theories. I concentrate here on the special Weyl-
invariant case for simplicity.
Let us now move on to a 3D context and
consider a theory in which topologically massive
gravity is coupled to topologically massive elec-
trodynamics and a charged massive scalar field.
It has been recently realized [7] that the KPZ
formula (6) encodes (in the sense that I clarify in
the following) the relation between the Aharonov-
Bohm amplitude of such a theory and the ordi-
nary Aharonov-Bohm amplitude [8]. This is en-
coded formally in a property of the transmuted
spin ∆, which is defined as the overall coefficient
of the Aharonov-Bohm amplitude [7]
∆
16π
i
dim(G)ǫµνλp
µ
1p
ν
2q
λ
q2
, (9)
where p1 and p2 are the initial momenta of
the two charged particles involved in the scat-
tering, q is the momentum transfer, and G is
the gauge group. For example, in the ordinary
(abelian G and no gravitational degrees of free-
dom) Aharonov-Bohm amplitude the transmuted
spin is given by the inverse of the Chern-Simons
coefficient.
In Ref. [7] evidence is provided in support of
the relation
∆−∆0 = ∆(∆− 1)
k′ + 2
(10)
between the bare transmuted spin ∆0 (i.e. the
value taken by the transmuted spin when the or-
dinary gauge degrees of freedom are present, but
2This constant λW has been conjectured [2] to be equal
to the constant λ of the diffeomorphism-invariant case.
3the gravitational degrees of freedom are turned
off), the gravitationally-dressed transmuted spin
∆ (i.e. the value taken by the transmuted spin
when also the gravitational degrees of freedom of
topologically massive gravity are turned on), and
the gravitational Chern-Simons coefficient k′.
The formula (10) reproduces the KPZ formula
(6) upon identifying the bare (respectively the
Liouville-dressed) conformal dimensions of pri-
mary fields in Liouville theory with the bare
(respectively the gravitationally-dressed) trans-
muted spin of topologically massive gravity, and
assuming the relation c = −k′ − 4 between the
central charge c of Liouville theory and the grav-
itational Chern-Simons coefficient k′.
This observation provides one of the strongest
pieces of evidence in support of a relation of the
type discussed in Refs. [9,10] between topologi-
cally massive gravity and Liouville theory, and
can be used to motivate a topological membrane
approach to string theory [11], in which the string
world-sheet is filled in and viewed as the bound-
ary of a three-manifold.
Similarly, the applicability of KPZ formulas
in non-diffeomorphism-invariant induced-gravity
theories can be used as a probe of the relation
among the different 2D induced gravity theories
(diffeomorphism-invariant or not). In particular,
it has been suggested [2,6] that the members of
a large class of such theories might all be es-
sentially equivalent (as originally established for
diffeomorphism-invariant induced gravity) to Li-
ouville theory. Interestingly, this has led to a dif-
ferent viewpoint [12,6,13,14] on the phenomenon
of Hawking radiation in 2D gravity. The pres-
ence of a (non-necessarily-Weyl) anomaly and the
residual invariance under diffeomorphisms of unit
Jacobian are now seen as the essential elements
of this phenomenon, whereas in earlier interpre-
tations the presence of a Weyl anomaly was often
emphasized.
The recent results on 2D induced gravity theo-
ries have also sparked renewed interest in the is-
sues associated to the quantization of anomalous
field theories. In particular, effort has been de-
voted [13,15] to the investigation of the physical
implications of local counter-terms in anomalous
field theories. While the mass emergent in the
chiral Schwinger model [16] is known to depend
on the coefficient of one such local counter-term
(associated to a one-parameter family of chiral
symmetry breaking measures), similar phenom-
ena have not been identified in the context of
bosonic induced-gravity theories, at least in the
case of topologically-trivial two-manifolds (the
only case seriously investigated in the related
studies). However, some evidence of physical im-
plications of local counter-terms has been found
in the context of chiral 2D induced gravity [13].
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